Dirac Particle in a Constant Magnetic Field: Path Integral Treatment
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The Green functions related to a Dirac particle in a constant magnetic field are calculated via
two methods, global and local, by using the supersymmetric formalism of Fradkin and Gitman. The
energy spectrum as well as the corresponding wave functions are extracted following these two ap-

proaches.
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1. Introduction

The path integral was of great benefit when in try-
ing to bring back the quantum description of a phys-
ical system to its classical analogue. However, it has
been shown to be inconvenient for the case of the de-
scription of the spin, which is a purely discrete physical
entity without a classical analogue, unlike the path in-
tegral, which is principally based on classical images
such as trajectories. In attempting to solve this dif-
ficulty, there have been essentially two categories of
path integral formulation. The first one, called bosonic
model, proposes to use commuting variables to de-
scribe the spin dynamics and the second one, known as
fermionic model, uses the Grassmann (anticommuting)
variables. This latter model was proposed by Fradkin
and Gitman [1] who have presented the Dirac propa-
gator by means of a Grassmannian path integral and
have established a rigorous formulation of this path in-
tegral, which has various properties such as gauge in-
variance, reparametrization, invariance and supersym-
metric form [1, 2].

This attempt was of remarkable impact on the re-
search of analytical and exact expressions of the rela-
tivistic spinning propagators in the presence of exter-
nal fields as such many problems have been resolved,
namely the interaction with a plane wave [3 —5] as well
as the case of the interaction with a constant electro-
magnetic field [6,7]. However, in the latter case it is
not possible to extract solutions for the constant mag-
netic field alone (E = 0), and for that reason we are
required to repeat the same set of calculations of the

Dirac propagator, which would bring us nowhere, due
to the fact that a matrix F),, (= 9,4, —d, A,,) becomes

non-defined where E = 0.

Many attempts have been made to overcome this
problem, which were most often restricted to the case
of the second-order Dirac equation [8]. However, a so-
lution of the first-order Dirac equation for a constant
magnetic field is still non-existent.

Thus, in this paper we propose to give the solution
for a relativistic Dirac particle in a constant magnetic
field in two different manners. The first one, the so-
called local approach, is related to the first-order Dirac
equation formulation, where there is no operator and
the states are all physical without any being superflu-
ous. The second one, the so-called global approach, is
related to the square of the Dirac equation, where the
superfluous or non-physical states are eliminated there-
after by activating an operator [9]. The treatment we
aim at is analytical and exact. The Green function is
expressed in terms of a nucleus of a standard form and
of a Feymann type in exp(iS), where S is a supersym-
metric action.

Our aim in treating this elementary problem of a rel-
ativistic half spin particle submitted to a constant mag-
netic field directed towards the z-axis is to show how
to extract the energy spectrum and its corresponding
wave functions in terms of the Green function.

The calculations we are undertaking lead at a given
stage to the calculus of a harmonic oscillator with more
difficulty when compared with [10].

The propagator of the Dirac particle in an exter-
nal electromagnetic field is the causal Green function
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S¢(xp, z4) of the Dirac equation

(.7 — m)S(ap, z4) = —54(xb — Zg), (1)
where 7, = (10, — gA,); g is the electronic charge;
FF“’ - ap.AV_aVA,U«; U'u’/ = %[’y“,’)’y}f; [’Y“,’YVH- -
v, gt = diag(1,—1,-1,—-1); p,v =0, 3.

The scalar product, denoted by a dot, stands for
a.b=a.,b".

Multiplying by v® on both sides of (1), we get

(F.mp — my°)S(xp, 2a) = 04wy — 4), ()

where § = S%9% F# = 40y 47 = 01923 =
7% (7P)? —1. The matrices ¥* have the
same commutation relations as the initial ones *;
O™y = 2" nm 0,3,5 7"
diag(1,-1,—-1,—1,-1).

Formally, S(zy, z,) is the matrix element in the co-
ordinate space of the inverse Dirac operator, namely

g(xbvxa) = <mb|§|ma>v (3

with
S = -0t

(' —my®)~ 4)

Using the Schwinger trick, we represent S by the inte-
gral expressions

S=25
= / de/exp [ie (02 + ia) + xO] dy,

~ )
= g Gg

_ ( [ aeesn e (04

= S]’ys

N 1-A o 1 .2
S ! H/ / = e
Sy = ( 5 ) exp (w.ae> /0 de/dxx DxDPM(e) exp { i e 5™

+%ﬂFw+mQ£—mw) 1%4M+MUM®}
(&

where x, p, e
tions:
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where S is called the local representation and §g the
global one. It is clear that G, verifies the following
quadratic Dirac equation:

O3 Gy, 2a) = 0* (25 — a), (6)

with

Sg(xp, x,) can be obtained starting from Gy (zp, T4):

Sg(@p,2a) = (7 - m — my°) Gy, 2a).  (7)
Doing so, we formulate the problem in the two projec-
tions: local and global. In the case of the local projec-
tion the operator projection O is replaced by a path in-
tegral using a fermionic proper time x [1], while for the
global one this operator shall act at the end of the evo-
lution to eliminate the superfluous states correspond-
ing to the square of the Dirac operator, and this lat-
ter is written in the path integral representation follow-
ing [9].

It is remarkable to see that the calculations of the
global description G4 are similar to those of the local
one S before integrating over the proper time . Con-
sequently, it is convenient to unify these two Green
functions into a A\-modified one :9} [3-5] by taking
into account the A-modified measure of x, which en-
sures that

5i-{

In fact, knowing that [dx = O and [dxx = 1, we

easily write for the Green function S, the following
result [1,9]:

S, A=

8
Gey A=0. ®)

)
0=0

and x, %™, 0" are even and odd variables, respectively, and satisfy the following boundary condi-
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whereas the measures Ml(e) and DV are defined as

. 1 1 -
e) = /Dﬂ' exp (l / e7r2d7') , DY = DV / DV exp (/ LZ/”Q'/"dT)
2 Jo W (1) 4+%(0)=0 0

The aim of this paper is to calculate this Green function S, in the case of a constant magnetic field.
For convenience we choose the interaction by the quadri-potential

AO = A2 = A3 = 0, A1 B.’E = By (10)

2. Energy Spectra and Wave Functions

The Green function given in (9) is in its Lagrangian form. By linearizing the Gaussian related to the kinetic
term, we get the Green function in its Hamiltonian form, which is more convenient to use in our calculations:

o\ 1-A [eS) 1
Sy = _! exp 1§i / de/dxxl_’\ /DxDpDQ’ eXp i/ dr [p.i‘ + . (p2 o m2)
2 a9 ) Jo 0 2

(1D
tegpA+ gngz +iegW. FW —iN[(p + gA).W + mP°]y — i@ny‘/"} + wn(l)wn(())}
0=0
By introducing the characteristics of the field, S, becomes
= —i\'" I\ [
Sy = <?> exp <ﬁ.£> / de / dyy!™ / DY / DpoDp1DpyDps DtDxDyDz
0
1
. : . . . € [&
-exp {1/ [pot +p1d +pat+pag + 5 (05— PT —p3 —p3 —m?) — 59°B%y* — egBpiy (12)
0
—iAgByWy Wy — iX (pw + mLZ/5) X + egBY .00 W —iWnW-”} dr + ¥, (1)o" (0)}'9 ,
=0
where ¥ = <W2> Wi = (1,0) and op = (i 01>.
By integrating over the paths ¢, x and z, we can see that the momentums become motion constants:
po = const, p; = const, p3 = const. (13)

By integrating then over py, we rewrite S, as

N 1=
Sy= (= 1-x [ dpo dp: dps / N
Sy = ( B ) exp (W 80)/ de/dxx / 97 9r 97 DV exp {1p0(tb to) +ip1(xp — 24)

) or .~
+ips(zp — 7a) + = 5 CR—pi-m?)+ 2 W2 (0% — yaPa)X + @%Wz-(% — W)X
1 -~ - . ‘ (14)
+ i/ dr {eng.ag.w — W, 0" — i\ (po?° + psP® + mwf’)x} + LZ/”(I)LZ/"(O)}
0

1 2 2
./Dyexp{i/o dr MyZ—MQ <y+§—1) -l-f(T)(y-i-;—l) }

2 2
where we have used the notations M = 1, 2 = ¢|g|B, f(7) = —iX(gBW,. ¥ — —W2 )X and Wy = (0,1).
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It is clear that the nucleus related to the y(7) paths expresses the motion of a particle submitted to a harmonic
strength. By using its known expression, namely its spectral decomposition [11], we obtain the following series:

ENEESY =
_e 1-x [ dpo dp1 dps/ |9|B 1 o—ielg|B(n+3)
Sy = < 5 ) exp <17 89)/ de/dxx / 5w o Z !

_Iy\B r1 )2

o W B By (TE (e 22 ) 1, <\/|g|B (1 + p—)>
gB gB
. . . ie A~ ~ ~

rexp ¢po (b = ta) +ip1 (@ — o) +1p3 (20 — 20) + 3 (05 — P —m?) + ZWa. (0¥ — yala) X

A - O . [
n %WQ ( %) X + W, (1)T™(0) + i/ [eng.@.w — i, 0" — i (po? + ps¥® + mP?)x

0
(yb + 5—;) (y + ”—}9)
F)sin(ellBr) + oo A F(r)sinfelgl B(1 - 7)) ar | (1)

sin (¢|g| B) sin(e|g|B) 0=0

We are left with the integration over the Grassmann variables.

To be able to undertake easily the integration over ¥(7), let us get rid of the antiperiodic condition ¥, (1) +
¥,,(0) = 0 by going through w velocities via the change

1
ot (r) = %/0 e(r — (" )dr" + 0", (1) = sign of 7. (16)

With this change, the Green function becomes

N 1= +o0 1/2
5 _ (=t 7.9 1-x [ dpodp1 dps 5~ (|9lB 1
Sxy= ( 2) exp(w.a / de/d XX / 97 9r 2 nz;)( - ol
. 1 \yIB 2 P12
elntes e B ()" 0 ) g, (VT (25 ) ) (VITE (e + 25 ))

gB
iegB

e
5 (P =P —m?) +

- exp {ipo(tb —tq) +ip1(xp — x40) +ips(zp — 24) + 0020 (17)

A . o~ A 0 3 5 )\gBVh.éX /1 P\ .
+o— (Yo — Ya)Wa2.0x + 5 + + + + — B
2e (U5 = ya)W2.0x 2 (pof paf mé”)x 2sin (egB) Yo gB sin(eg B7)

bl

0=0

+ <y + %) sin(egB(1 — T))} dT} 7(0)

where we have

Lot :
7(0) = /DWODW?’DWSDQ exp {5 / / (—wuw? + wPew?® + wPew® + @.R.D) deT’]
0 Jo

1 (18)
-exp {/ (Jowo + Fsw? + Tsw® + Ju?> dT] ,
0
1 -1 w! ol
Dw = [/Dwexp (/ wnaw”d7'>] Dw, &= ( 2) and 6 = ( 2).
0 w 0
The currents associated to the velocities are
A ! A !
Jo(r) = _Mo e(r' —m)dr'x, Js(r) = _2Ps e(t' —7)dr'x,

. ! / / e iegB ! / /
TIs(1) = —1)\m/ e(r' =m)dr'y, J(r)= 9 902/ e(r" = m)dr" + AJ(7)x,
0 0
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where
3 P1
P, 1 %%+ﬁ) i
J(r) = —LLNy — Wy — —yaWo + ——— 2/ | Ly B
(7) egB 27 2 Yorv2 2e Ya + sin(egB) e 2 sin(cg B7)
3 P1
1gB - (1 —cos(egB) 1 — cos(egBT) ! (ya + g_B> is (20)
-9 —— B(1 -
2 < egB egB + sin(egB) eVV2 sinegB(1 =)
igBW 1 —cos(egB) 2005(693(1 — 7)) — cos(egB)
2 ! egB egB ’
and the matrices are defined by
/ ! / / / leBg /
R(r,7") = e(r—n)G(m,7)dn, G(m,7)=6mn—7)1— e(n — 7")os. (21)
0

The integral over the variable w(7) is Gaussian and as the integrations over w°, w?, w® give simple values 1. The

result is done straightforwardly. It is equal to
det R ex l/1 /1 T YR (7, 7)T ™ () drdr’ (22)
dete PN\ 2 o Jo nma '

det R = exp[trInR]. (23)

We have

We can verify that

detR egB
Jote cos( > > 24)

We can see that the inverse matrix of G(71,7’) [6] is

G, 7)=6(nn — 1)+ %egBagelegBaz(TrT) [5(71 — 1) —tanh <1692 7 ﬂ ) (25)
and verifies
e~ 3¢gBo2 . /
/g (' o)y = — 2 eqponr’ (26)

iegBoa
cosh (—2 )

The result of the integration over w™ is thus

1
Z(0) = cos <@) exp [1/ j.R‘l.de} . 27
2 2 o

The Green function, after somewhat long calculations, is

N\ 1 +o0 1/2
5 _ (= 1-x [dpodpidps (egB l91B
S*_(2> eXpwae/ de/d o7 27 27 o\ T2 nz:% -
L elglB(n+d) o~ 57 (vt 55) + (vet 25)°)
2"n'

H, <\/W (yb + 5—23)) H, <\/ﬁ (ya + 5—];)) exp [ipo(tb — ta) +ip1(zy — 2a)

ie

v A n
i mz)} exp <9uQ“ Oy + 570 x>

(28)

+ ips(zp — 24) + 5

0=0
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where

Fh B (yb + p—l> B
Q" = tan | 92 , s =m, 1), = poWo + p3W3 + gB.igB Wa + W tan | 222
2B 2 sin(egB) 2 (29

(y“ + 5_119) egB
—9B sin(egB) {Wz — Witan <T)] ’

and
Wy = (1,0,0,0), W7 = (0,1,0,0), Wo = (0,0, 1,0), W3 = (0,0,0,1)

are the new notations that we have adopted for convenience.
After the integration over x, knowing that [ dy = 0 and [ dxx = 1, the Green function takes the form

S, o[ B\ [ dpodp: dps (& *W(M)l/z
) _ i cgBY [ dpo dp1 dps (P w ) ielalB(ntd)
(Gg) / decos( 2 )/ o1 21 21 (qsg>nzo onpl ¢
\yIB P12 P12
e ((y+ L) +(vat2k) )Hn< /gB<yb+%)>Hn< /|g|B<ya+%>) (30)
g g
. . . ie o 2 2
exp {lpoosb — o)+ ipr (5 — ) + ip3(2 — 20) + (B — 7 — ﬂ |

where the spin factors are obtained with a derivation in relation to the Grassmann variables

P\ o\ [ir,0m .
()=o) ()
Thanks to the use of the identity
o O _
oxp (57350 ) 100 = 1 (5 ewtieni™)| @

which allows us to reduce the calculations following the method, which has been elaborated [3 —5], the calcula-
tion result is, respectively, as follows:

P = —° [m 4+ THy, + 1) (Q" o) + 27,QM v, + imQ* o, + mQ,WQ*“"f] ,
By =1 4+1Q" 0, + Qu Q™
where Q""" = %e‘“’f"sQ 06 (e"P9 is the Lévi-Civita tensor).

At this step it is not possible to integrate over the proper time e in the local approach case. We can put in
evidence the following properties related to the harmonic oscillator K °%(ys, y, ), which facilitate the integration:

(33)

D1 D1 sin(egB) 9
a — | K s Ya) = =y B)- ———— K s Ya

<y " 93) (w3, 3e) Kyb " QB) cos{egB) igB oy, (i) (34)
D1 D1 sin(egB) 0
| K°® — R B) — — | Ko©s .

(yb + gB) (yb’ya) |:<ya + gB) COS(eg ) lgB aya (yb,ya)

After development, the Polyakov factors are finally as follows:
~ d egB
B =7 |m+por® +psv® + 9B (ya+ 22 ) +in2=—| [1+~"92tan ( 222,
9B 9Ya 2 35)

~ B
P, =1 + v'9? tan (%) .
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Let us introduce the spin operator S = iy'~y? and insert the identity Dosmi1 Xs xI = 1, where Sy = sys, to

extract the energy spectrum for the two representations. Let us as well use the relation S¢ = —§'y5, which gives
the Green function relative to the Dirac equation without °.

The Green function relative to our particle in the local and global representations is finally given by the fol-
lowing expressions:

ST\ _ —1 [ dpodpidps |9|B L —ie|g| B(n+1)
(Gg)_2 27r27r27r(>/ dZZ{( 9

s=+1n=0
lg|B

Py \2 p1\2
e 2 ((y”JrT}B) +(vet35) ) exp [1p0(tb —tq) +ip1(xp — xa) +ip3(26 — 2a) (36)

+i§(p3—p3 m —gsB)} (\/W (yb+—B>)Hn (W (ya‘f';)_é))XSXi})

where

p ., 0
F =po°’ + 9By <ya + —1> + iy =— + p37® —m. (37)
9B aya

Integrating over e:

ST\ _ [ dpodpyps (FY (lglB\" 42 (0t 25+ (00 25)) oo [ (1
<Gg> 7/ 2 2w 27r<1> < T Z Z Q”n' P [lpo(tb fa)

s=+1n=0
. . Hy (V9B (w+ 25) ) Ho (VIaIB (va + 25))
+ip1(zp — ) + 1p3(2 — 24)] 5 xsxs}, (38)
Po — £
we obtain the same energy spectrum as follows:
1
5:\/p§+m2+gsB+QgB<n+§> (39)

for the two cases: local and global.
To finally extract the corresponding wave functions, let us integrate over py. We thus obtain the following
spectral decomposition:

g8\ /2
(@)= R E{ e
Hn (\/ ‘Q‘B (yb'f';)_g)) Hn (\/ |g|B (ya+5—g>> N XT}

2&
sil +Zoo dp1 dp3 Pl,PS,n S(xbayhthtb)wpl ,P3,M, S(-raayaaz(lmta),yo (40)
2m 2w ’

ot
s=—1n=0 Pl,Pa,n S(mb»ybvzb’tb)kpplma,n s(Tas Yas 2ai ta)

-exp [i€(ty—ta) + ip1(xp—2a) + ip3(2p—24)]

and the wave functions in the local and global cases corresponding to the energies are, respectively,

1 .9 .
By, pomas (T4, 231) = T3 [—570 — ' (p1 + gBy) + w?% — s+ m}

(M)l/“ (41)
4 9 P12 . . .
. We*‘ 2|B (y+g71‘13) Hn ( |g|B (y + ‘5_‘13)) elft—',-]plg;_i,_lpszxs,
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1 <w>1/4
L ™ _lglB ()4 P12 Y b1
W517p37n78(.13’y,27t) = —,_28 7,_2'””! e 2 (y gB) Hn ( ‘g‘B (y + g_B)> (42)

-exp [i€t + ip1x + ipsz] Xs-

We note finally that ¥, . (x,y, ;t) can be obtained starting from W8 . (x,y, z;1):
Qfll)hpsm,s(x,y, zit) = (v* (19, — gA,) + MWE o ns(T,Y,251). (43)

The result agrees with the literature [8].

3. Conclusion

We have obtained the energy spectrum of a Dirac particle in motion in a constant magnetic field through an
analytical and an exact manner [8]. We have obtained as well the corresponding wave functions following two
different manners, local and global, by using the supersymmetric representation of Fradkin and Gitman for the
Green function. We should note, however, that the spin factor in the local approach has never been extracted
before.
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